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Abstract: This article presents a very detailed resolution of a non-trivial problem in Electromagnetic Theory. The problem
basically consists of a circular conducting loop of radius R, which has a current I, and is located with its center at the origin of the
Cartesian coordinate system. It is rotated with respect to the normal to its plane with angles of 6, and ¢, in spherical coordinates,
in addition, there is an applied External Magnetic Field. The forces generated by the magnetic field in all directions were
calculated without approximations, where in the z direction the force is zero, as expected.
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1. Introduction

Classical electromagnetic theory, together with classical
mechanics and quantum mechanics, constitute a core of
extremely important disciplines for undergraduate and
graduate students in physics [1-3]. The mathematical tool used
in these courses usually involves vector calculations, ordinary
and partial differential equations, Fourier series, Laplace
transformations, among others [4-6].

Mechanics tells us as a system that is subject to a certain
Force. We know that there are for the moment only the
fundamental forces in Physics, which are: Strong,
Electromagnetic, Weak and Gravitational, are written from
stronger to weak, respectively [7, 8].

Strong forces are the ones that keep protons and neutrons
attached to the atoms, they have an extremely short range, but
they are a hundred times stronger than the electric forces. The
Weak force, which is of the radioactive decay, not only has a
short range, but is also much weaker than the electromagnetic.
As for Gravitational, it is such a despicable one, that it is only
due to great concentrations of masses, like the Earth and the
Sun, that we can even perceive it.

The laws of electrodynamics were gradually discovered by
Franklin, Coulomb, Ampére, Faraday, among others. But who
actually completed this task, compacting the equations in a
way, was the famous Maxwell [9, 10].

In this way, when we talk about solving problems, many
students present difficulties, due to the degree of mathematical
complexity present in the exercises, ending up often failing to
solve some problems.

The main objective of this work is to solve, in a systematic
and unprecedented way, an intriguing and quite interesting
problem of electromagnetic theory, which is not so trivial but
with a certain mathematical capacity we can solve the
problem.

2. Calculation of Forces Acting on the
Loop

The problem basically consists of a circular conducting
loop of radius R, which has a current I, and is located with its
center at the origin of the Cartesian coordinate system. It is
rotated with respect to the normal to its plane with angles of 0,
and @, in spherical coordinates, as can be observed in Figure 1.
In addition, there is an applied external magnetic field, written

as follows B(X) = B, (1 +/7y)f +B, (1 +I7x)j'
We intend to calculate then the resulting force acting on the

loop without making any approximation. We know that by the
Law of Biot-Savart [7, 11], when a current with a density

j(i) is in an external magnetic field with a magnetic flux

density B (f() , The law of fundamental force says that the
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total force on the current distribution is given by [1].

A= = i

Figure 1. Sketch of the problem of a circular conductive loop, rotated on two
Cartesian axes, with an applied external field.

ﬁz%j?(i)mﬁ(i)aﬂi (1)

Since this problem is not so simple, since we have a rotation
of coordinates in two Cartesian axes, we must make a rotation
of coordinates as follows: R(x,yz) — R'(x’y’z) —
R’(x"y"z").

In this way the new coordinates can be written as:

=cos @, x + seng,y

x'
y'=-—sen@,x +cos@,y
ZV

z

e 2

x"=cosfx'-senb, 7
" — '
yo=Yy
Z" —_—

= sen@,x'+cosg,z'

To facilitate the understanding of the calculation, let's write
the coordinates in matrix form [12], as follows:

x' cos @, send, 0|y
y'|=| —seng, cos @, 0|y 3)
z' 0 0 1\z
X" cos G, 0 —senb, |y
yl=| o ! o |y 4
z" sen@, 0 cosf, [\2'

To find the coordinates (X, y, z) we have to multiply the
matrix (4) by the matrix (3), and write the transposed matrix,
that is:

"/ %! cos G, 0  —sen6,
" y'= 0 1 0 |x
"\ sen@, 0 cos 6,
%)
cos@,  send, 0y
x| —seng, cos@, 0|y
0 0 1\z
™ !
ol ] =
z" )\ z'
cos B, cos @, cos 6, sen @, —sent, |/ (6)
—seng, cos @, 0
sen@, cos @, sen6, sen @, cos 6,

Consequently, through this matrix we can write the unitary
verses, being:
i"=cos @, cos @i +cosB,send, | —senb,k

j"= sen¢0f +cos ¢O} 7
K" = sen), cos @i + senf,send, j + cos B,k
Writing the transposed matrix, which basically means

replacing what was column in line and what was line turns
column, we get then:

X
y|=
z
cos @, cos @, —send,  senb,cos@, |/ yn ®)
cos 6, sen @, cosg, senfyseng, || y"
—sen6), 0 cos 6, z"

Finally, the original coordinates we are looking for can be
written as:

x = cos @, cos g, x"—sen@,y"+ sen6, cos @,z"
v =cos @, sen@,x"+cos @,y "+ senf,seng,z" 9

z = —sen@x"+cos G, "

Now that we have already determined the coordinates (x, y,
z), our problem consists of calculating the integral of equation
1, in order to find the force. First we determine the current

distribution .7(55) d’% , and then determine the vector product

between the current density j()_c') and the magnetic flux

B(%).
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J(X)d’ % = Id] = [RAp$ (10)

But knowing that @ = —sengi "+cos@ ", then eq. (10) is:
J(%)d’ X = IRd$[ ~sengpi "+ cos$]" | (11)

From eq. (7), we take that the unitary verses in the x and y

direction are i"=cos§, cos@,i +cos b, send,j—senbk , and

Jj"= sen¢of +cos ¢0}' , and replacing in (11), is:
J(X)d* % = IRd$x
X[—senqﬁ (cos 8, cos @i +cos 8,send, j - senHolé) t(12)

+cos @ (sen¢of +cos ¢0}')]

J(X)d’ % = IRd$*

X[(—sen¢ cos g, cos @, —cos ¢sen¢0)f+ (13)
(—sen¢ cos g,send), +cos @ cos @, ) J+ (sen¢sent90 ) IQ}
The magnetic field is written as

T?(?() =B, (1+/7y)z°+B0 (1 +l7x)j', but we already know the
components X and y, as shown in eq. (9), in this way we can do
the substitution and find that:

B(X) =B, [1 +17(cos G,seng,x "+ cos @,y ")Jf +

. 14
+B, [1 +17(cos 6, cos #,x "~ sen¢0y")]j 1

But in spherical coordinates X"=Rcos¢  and

y"'=Rsen@  soon:
BR) =
B, [1 +1R (cos G,seng, cos @ + cos @, sen ¢)Jf +
+B, [1 +1R (cos 6, cos @, cos @ — send, sen ¢)}j

(15)

Now we replace (13) and (15) in eq. (1), and we find that the
force F in the loop will then be:

- _ 1 p2m
F=f
IR [(—sen¢ cos 8, cos @, —cos ¢sen¢0)f +

X +(—sen¢ cos G, seng, +cos @ cos @, )j +

X (16)
+(sengsen, ) k}
B,[1+1R (cos G seng, cos @ +cos @, sen @) |i +
+B, [ 1+77R (cos 6, cos @, cos # — seng, sen §) | j
Decomposing the forces we will have:
F=F +F +F 17)

At where,

1 -
Fx:;j(—JZ)D(By)fx (18)
[R 2m
F =— - ) X
T '([ [ (sen¢sen A )]
X[BO (1+/7R{c0s0O cos@, cos @ + (19)
—cos @, cos ¢} )] d¢
IR 2
F. =—nRB, J [—sen¢sen90 cos g, cos @, cosp +
¢ o (20)
+sen’ psenf,seng, } d¢
Remembering that:
2m 2m 2m
j sengcosgdp =0¢ j sen’pd g = j cos’ pdg =1
0 0 0
soon:
2
= ﬂnﬂBosenﬁosen% (21)
c

Applying the same reasoning taken in (18), we will have
that forces F, e F,, will respectively:

1 -
F=)om)e

| (22)

= (7,)0(8,)d*

and therefore,
2

F, = %/]ﬂBosenHO cos @, (23)
F =0 24)

As already expected, the force in the z-direction is zero,
since the applied external magnetic field has only components
in the x and y directions, so we will only have force
components in these same directions.

3. Conclusion

Through this work it was possible to develop and solve a
problem of electromagnetic theory consisting of a circular
conductive loop with a current I that is rotated in two axes of
its Cartesian plane with respect to its normal and still has an
external magnetic field. It was found that the force in the
z-direction is zero, as expected, since the external field has
only components in the x and y direction.

It is hoped that this work contributes significantly to
undergraduate students as well as graduate students, in order
to understand problems of this type, which are well adopted in
university courses.
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